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Abstract. We prove that for an arbitrary chain {Pα} of prime ideals in an integral domain, there exists a valuation domain which has a chain of prime ideals {Qα} lying over {Pα}.
It is well-known that for a domain D and a chain of prime ideals P 0 P 1 · · · P l , there exists a valuation domain V containing D and a chain of prime In order to prove the theorem, we need some lemmas. , where a ∈ S α , b ∈ S β . We may assume that P α P β by symmetry. Then f h ∈ P α since f ∈ P α and h ∈ P β . Since g ∈ P α , gk ∈ P α . Hence ab ∈ S α ⊆ S. Since cg ∈ P α , ca ∈ S α ⊆ S. Hence S is closed under multiplication and with respect to the multiplication by elements of D.
(2) This follows because S α is the maximal ideal of the ring (D − P α ) −1 D.
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Lemma 2. The ideal S generated by S is a proper ideal in D[S].
Proof. Let P = α P α and suppose S is not a proper ideal in
. By Lemma 1,
, where g k ∈ P k and f k ∈ D\P k -that is, s k ∈ S k for each k. We may assume that P n P n−1 · · · P 2 P 1 . For the chain of prime ideals P n P n−1 · · · P 2 P 1 P , choose a valuation overring V and a chain of prime ideals We have only to show that √ P α V ∩ D = P α . Suppose that it fails. We choose an element f ∈ √ P α V ∩ D\P α . Then f ∈ D\P α and f n ∈ P α V , n ∈ N. So f n g ∈ V , g ∈ P α . This implies g f n ∈ S is a unit in V . This contradicts the fact that S ⊆ M. Hence √ P α V ∩ D = P α . Furthermore, √ P α V is a prime ideal in V [3, Theorem 17.1].
